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Rigid 6-dimensional h-spaces of constant curvature1
Zolfira Zakirova2
Abstract
In this paper, we continue studying the 6-dimensional pseudo-Riemannian space V 6(gij)
with signature [++−−−−], which admits projective motions, i. e. continuous transfor-
mation groups preserving geodesics. In particular, we determine a necessary and sufficient
condition that the 6-dimensional rigid h-spaces have constant curvature.
1 Introduction
The general method of determining pseudo-Riemannian manifolds that admit some non-
homothetic projective group Gr has been developed by A.V.Aminova [A]. A.V.Aminova
has classified all the Lorentzian manifolds of dimension ≥ 3 that admit nonhomothetic
projective or affine infinitesimal transformations. In each case, there were determined the
corresponding maximal projective and affine Lie algebras. This problem is not solved for
pseudo-Riemannian spaces with arbitrary signature. In the series of works, we investigate
the 6-dimensional pseudo-Riemannian space V 6(gij) with signature [+ +−−−−].
Remind that in order to find a pseudo-Riemannian space admitting a nonhomothetic
infinitesimal projective transformation, one needs to integrate the Eisenhart equation [E]
hij,k = 2gijϕ,k + gikϕ,j + gjkϕ,i. (1)
Pseudo-Riemannian manifolds for which there exist nontrivial solutions hij 6= cgij to the
Eisenhart equation are called h-spaces. It is known that the problem of determining such
spaces depends on the type of the h-space, i. e. on the type of the bilinear form LXgij
determined by the characteristic of the λ-matrix (hij−λgij). The number of possible types
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depends on the dimension and the signature of the h-space. In our case of six-dimensional
spaces V 6 with signature [+ + − − −−], there is a variety of possible types. We restrict
it considering the rigid h-spaces: h-spaces with distinct bases of prime divisors of the
λ-matrix are called rigid h-spaces [P, Z]. In the papers [Z1]-[Z4] (see also [Z5]), we found
6-dimensional rigid h-spaces of the [2211], [321], [33], [411] and [51] types.
For further study we need a necessary and sufficient condition of constant curvature
of this h-space. This condition is known to be expressed by the formula
Rijkl = K(δk
igjl − δl
igjk), K = const. (2)
Since the projective-group properties of the rigid h-spaces of the [21111] and [3111] types
have been investigated by A. V. Aminova, we do not discuss them here.
2 The h-space of the [2211] type
Let us investigate the h-space of the [2211] type. In this case, metric has the following
form
gijdx
idxj = e2(f4 − f2)
2Πσ(fσ − f2){2Adx
1dx2 −A2Σ1(dx
2)2}+ (3)
e4(f2 − f4)
2Πσ(fσ − f4){2A˜dx
3dx4 − A˜2Σ2(dx
4)2}+
∑
σ
eσΠ
′
i(fi − fσ)(dx
σ)2,
where
A = ǫx1 + θ(x2), A˜ = ǫ˜x3 + ω(x4), (4)
Σ1 = 2(f4 − f2)
−1 +
∑
σ
(fσ − f2)
−1, Σ2 = 2(f2 − f4)
−1 +
∑
σ
(fσ − f4)
−1,
f2 = ǫx
2, f4 = ǫ˜x
4 + a, ǫ, ǫ˜ = 0, 1, a is a constant nonzero when ǫ˜ = 0, fσ(x
σ), θ(x2),
ω(x4) are arbitrary functions, ei = ±1.
Calculating components of the curvature tensor of our h-space, we observe that the
nonzero components are
R
ap
bpapcp
= χpgbpcp , (5)
Rσbpσcp = ρσpgapbp −
χp − ρσp
fσ − fp
Apgapcpδ
p
bp
, (cp 6= bp),
R
ap
σbpσ
= gσσ{ρσpδ
ap
bp
−
χp − ρσp
fσ − fp
Apδ
p
bp
δapcp }, (cp 6= bp),
Rτστσ = gσσ
ρτp(fτ − fp)− ρσp(fσ − fp)
fτ − fσ
, (σ 6= τ),
2
R
ap
aqbpbq
= {ρpqgaqbq −
χq − ρpq
fp − fq
Aqgaqcqδ
q
bq
}δ
ap
bp
−
{
χp − ρpq
fq − fp
Apgaqbq +
∑
l=2,4
(χl − ρpq)
(fq − fp)2
ApAqgaqcqδ
q
bq
}δpbpδ
ap
cp
,
(cp 6= bp, cq 6= bq, p 6= q),
where
χp = Bp + ρp, B2 =
ǫθ′
A2g12
, B4 =
ǫ˜ω′
A˜2g34
, A2 = A, A4 = A˜, (6)
ρp = −
1
4
∑
σ
(f ′σ)
2
(fσ − fp)2gσσ
, ρpq = −
1
4
∑
σ
(f ′σ)
2
(fσ − fp)(fσ − fq)gσσ
, (7)
ρσp = −
1
4
(f ′σ)
2
(fσ − fp)gσσ
{
2f ′′σ
(f ′σ)
2
−
1
fσ − fp
+
∑
i,i 6=σ
(fi − fσ)
−1}−
1
4
∑
γ,γ 6=σ
(f ′γ)
2
(fγ − fp)(fγ − fσ)gγγ
.
Here p, q = 2, 4, σ = 5, 6, the indices a2 are equal to either 1 or 2, while the indices a4 are
3 or 4.
In particular, from (2) it follows that
R1112 = R
σ
1σ2, R
3
334 = R
σ
3σ4, R
1
112 = R
4
142, R
3
334 = R
2
324.
Substituting components of the curvature tensor into this equality, one obtains
(χ2 − ρσ2)g12 = 0, (χ4 − ρσ4)g34 = 0, (χ2 − ρ24)g12 = 0, (χ4 − ρ24)g34 = 0,
since g12 6= 0 and g34 6= 0, then
χ2 − ρσ2 = 0, χ4 − ρσ4 = 0, (8)
χ2 − ρ24 = 0, χ4 − ρ24 = 0.
Let us prove that the condition χ2 − ρσ2 = 0 is equivalent to the conditions
ρ2 − ρσ2 = ǫ = 0.
Indeed, differentiating the equality
χ2 − ρσ2 = ρ2 − ρσ2 +
ǫθ′
A2g12
= 0
with respect to x1, we obtain ǫ = 0 and, therefore, ρ2 − ρσ2 = 0. Inversely, if ρ2 − ρσ2 =
ǫ = 0, then χ2 − ρσ2 = 0. Similarly we can find equivalent conditions for other relations
(8).
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Let us prove that the necessary conditions of constant curvature of the h-space of the
[2211] type,
χp − ρσp = χp − ρ24 = 0, (9)
or equivalent conditions
ρp − ρσp = ρp − ρ24 = ǫ = ǫ˜ = 0, (10)
are sufficient. The relations that follows from (7),
∂σρp = −f
′
σ
ρp − ρσp
fσ − fp
, ∂1ρp = ∂3ρp = 0,
∂pρp = −ǫp
∑
σ
f ′σ
2
(fσ − fp)3gσσ
, ∂pρq = −
ǫp
2
∑
σ
f ′σ
2
(fσ − fq)2(fσ − fp)gσσ
,
where p 6= q, ǫ2 = ǫ, ǫ4 = ǫ˜, along with (10), lead to the identities
χp = ρσp = ρ24 = ρp = const.
Using these results along with conditions ǫ = ǫ˜ = 0, one can prove that components of
the curvature tensor (5) satisfy conditions (2) with K = ρp = const.
3 The h-space of the [321] type
Metric of this h-space can be written in the form
gijdx
idxj = e3(f5 − ǫx
3)2(f6 − ǫx
3){(dx2)2 + 4Adx1dx3+ (11)
2(ǫx1 − 2AΣ1)dx
2dx3 + ((ǫx1)2 − 4ǫx1AΣ1 + 4A
2Σ3)(dx
3)2}+
e5(ǫx
3 − f5)
3(f6 − f5){2A˜dx
4dx5 − Σ4A˜
2(dx5)2}+ e6(f5 − f6)
2(f5 − f6)
3(dx6)2,
where
A = ǫx2 + θ(x3), A˜ = ǫ˜x4 + ω(x5), (12)
Σ1 = (f6 − ǫx
3)−1 + 2(f5 − ǫx
3)−1, Σ2 = (f6 − ǫx
3)−2 + 2(f5 − ǫx
3)−2,
2Σ3 = (Σ1)
2 − Σ2, Σ4 = 3(ǫx
3 − f5)
−1 + (f6 − f5)
−1,
f1 = f2 = f3 = ǫx
3, f4 = f5 = ǫ˜x
5 + a, f6 is an arbitrary function of the variable x
6,
ǫ, ǫ˜ = 0, 1, ǫ 6= 0 when ǫ˜ = 0, and, inversely, ǫ˜ 6= 0 when ǫ = 0, a is a constant nonequal to
zero when ǫ˜ = 0, e3, e5, e6 = ±1.
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From (2) one finds
R2123 = R
r
1r3, (r = 5, 6).
Substituting into this equality the corresponding components of the curvature tensor of
our h-space
R2123 = χ3g13, R
5
153 = ρ53g13, R
6
163 = ρ63g13,
where
χ3 =
3ǫ2
16A2g22
+ ρ3, (13)
ρ3, ρ53 and ρ63 are defined by formulas (7) with p, q = 3, 5 and σ = 5, 6, one gets
(χ3 − ρr3)g13 = 0.
Since g13 6= 0, then
χ3 − ρr3 =
3ǫ2
16A2g22
+ ρ3 − ρr3 = 0.
Differentiating the last equality with respect to x2, one obtains ǫ = 0 and, therefore,
ρ3 − ρr3 = 0. Inversely, if ρ3 − ρr3 = ǫ = 0, then χ3 − ρr3 = 0. Since f3 6= f5, from
ρ3 − ρ53 = 0 it follows that f
′
6 = 0. Substituting ǫ = 0 into the relation
R1123 = γg13 +
3ǫ2
8A
Σ1 +
3ǫ
4A2
(θ′ − ǫ2x1) = 0,
where R1123 = 0 follows from (2), one finds
γ = −
1
4
∑
σ
(f ′σ)
2
(fσ − fp)3gσσ
= 0.
From (2), one has
R4445 = R
s
4s5, (s = 3, 6).
Therefore,
(χ5 − ρs5)g45 = 0,
since for our h-space
R4445 = χ5g45, R
3
435 = ρ53g45, R
6
465 = ρ65g45,
where
χ5 =
ǫ˜θ′
A˜2g45
+ ρ5. (14)
Since g45 6= 0, we obtain χ5 − ρs5 = 0. Similarly one can prove that this condition is
equivalent to the conditions f ′6 = ǫ˜ = 0.
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Let us prove that the necessary conditions of constant curvature of the h-space of the
[321] type,
χp − ρ6p = χp − ρ35 = γ = 0, (p = 3, 5), (15)
or
f ′6 = ǫ = ǫ˜ = 0,
are sufficient. Note that from (15) and (7) (p, q = 3, 5, σ = 6), (13) and (14) it follows
that
χp = ρp = ρ6p = ρ35 = 0.
Calculating the other components of the curvature tensor of our h-space and substituting
them into the last equalities, one gets h-space of the constant curvature.
4 The h-space of the [33] type
Metric is determined by formulas
gijdx
idxj = e3(f6 − f3)
3{(dx2)2 + 4Adx1dx3+ (16)
2(ǫx1 − 2AΣ1)dx
2dx3 + ((ǫx1)2 − 4ǫx1AΣ1 + 4A
2Σ2)(dx
3)2}+
e6(f3−f6)
3{(dx5)2+4A˜dx4dx6+2(ǫ˜x4+2A˜Σ1)dx
5dx6+((ǫ˜x4)2+4ǫ˜x4A˜Σ1+4A˜
2Σ2((dx
6)2},
where
A = ǫx2 + θ(x3), A˜ = ǫ˜x4 + ω(x6), (17)
Σ1 = 3(f6 − f3)
−1, Σ2 = 3(f6 − f3)
−2,
f3 = ǫx
3, f6 = ǫ˜x
6 + a, ǫ, ǫ˜ = 0, 1, c is a constant, a is a constant nonequal to zero when
ǫ˜ = 0, i1, j1 = 1, 2, 3, i2, j2 = 4, 5, 6, ei = ±1, θ(x
3), ω(x6) are arbitrary functions, nonzero
when ǫ = 0 and ǫ˜ = 0 respectively.
Nonzero components R
ap
νbpµ
(bp 6= µ, ap < bp), R
a1
5a16
, Ra1
6a15
, Ra1
6a16
, Ra2
2a23
, Ra2
3a22
, Ra2
3a23
of the curvature tensor (p = 1, 2, a1, b1 = 1, 2, 3, a2, b2 = 4, 5, 6, ν and µ are the indices of
nonzero components of metric gνµ (16)) are proportional to ǫ or to ǫ˜. In particular,
R2123 =
3ǫ2
8A
,R5456 =
3ǫ˜2
8A˜
.
The equalities R2
123
= R6
163
and R5
456
= R3
436
obtained from (2) lead to ǫ = ǫ˜ = 0.
Obviously, when ǫ = ǫ˜ = 0, all the components of the curvature tensor of the h-space we
consider are equal to zero.
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5 The h-space of the [411] type
Metric of this space is the following
gijdx
idxj = e4Πσ(fσ − ǫx
4){6Adx1dx4 + 2dx2dx3+ (18)
2(2ǫx2 − 3AΣ1)dx
2dx4 − Σ1(dx
3)2 + 2(ǫx1 − 2ǫx2Σ1)dx
3dx4+
4((ǫx2)2Σ1+ǫ
2x1x2−
3
2
ǫx1AΣ1)(dx
4)2}+3Adx3dx4+12ǫx2A(dx4)2+
∑
σ
eσΠ
′
i(fi−fσ)(dx
σ)2,
where
A = ǫx3 + θ(x4), Σ1 = (f5 − ǫx
4)−1 + (f6 − ǫx
4)−1, (19)
f1 = f2 = f3 = f4 = ǫx
4, f5 is a function of the variable x
5, f6 is a function of the variable
x6, e4, e5, e6 = ±1, ǫ equal to 0 or 1.
In this case, nonzero components of the curvature tensor have the following form: Riνiµ
(i 6= µ), Ra1νb1µ (b1 6= µ, a1 < b1). Here i = 1, . . . , 6, a1, b1 = 1, . . . , 4, ν, µ are the indices of
nonzero components of metric gνµ (18).
Formula (2) leads to
R1114 = R
σ
1σ4, R
1
214 = R
σ
2σ4, R
1
224 = 0. (20)
For the h-space of the [411] type,
R1114 = ρ4g14, R
1
214 = ρ4g24, R
σ
1σ4 = ρσ4g14, R
σ
2σ4 = ρσ4g24,
R1224 = γ1g24 + γ2g14 +
2ǫ
3A2
(θ′ −
4
3
ǫ2x2),
where
γ1 = −
1
4
∑
σ
(f ′σ)
2
(fσ − f4)3gσσ
, γ2 = −
1
4
∑
σ
(f ′σ)
2
(fσ − f4)4gσσ
, (21)
ρ4 and ρσ4 are determined by (7) when p = 4, σ = 5, 6. Therefore, from first two equalities
of (20), we obtain
ρ4 − ρσ4 = 0, γ1g14 +
2ǫ2
3A
= 0.
Differentiating the last equality with respect to x1, one obtains ǫ = 0, hence, γ1 = 0.
Then, from the last equality of (20) it follows that γ2 = 0.
Let us prove that the necessary conditions of constant curvature of the h-space of the
[411] type,
ρ4 − ρσ4 = ǫ = γ1 = γ2 = 0 (22)
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are sufficient. One has
∂1ρ4 = ∂2ρ4 = ∂3ρ4 = 0,
∂4ρ4 = 6ǫγ1, ∂σρ4 = −f
′
σ
ρ4 − ρσ4
fσ − f4
.
From these relations and taking into account (22), one obtains ρ4 = ρσ4 = const. Using
the last equality and the conditions ǫ = γ1 = γ2 = 0, we can prove that the curvature
tensor of our space satisfies identities (2) with K = ρ4 = const.
6 The h-space of the [51] type
Metric of the h-space of the [51] type is defined by the formulas
gijdx
idxj = e(f6 − ǫx
5){8Adx1dx5 + 2dx2dx4+ (23)
2(3ǫx3 − 4AΣ1)dx
2dx5 + (dx3)2 − 2Σ1dx
3dx4 + 2(2ǫx2 − 3ǫx3Σ1)dx
3dx5+
2(ǫx1 − 2ǫx2Σ1)dx
4dx5 + 4(3/2ǫx1ǫx3 + (ǫx2)2 − 2ǫx1AΣ1−
3ǫx2ǫx3Σ1)(dx
5)2}+ e6(ǫx
5 − f6)
5(dx6)2,
where
A = ǫx4 + θ, Σ1 = (f6 − ǫx
5)−1, (24)
θ is a function of the variable x5, f5 = ǫx
5, f6 is a function of the variable x
6, e5, e6 = ±1,
ǫ equal to 0 or 1.
The nonzero components of the curvature tensor have the form Riνiµ (i 6= µ), R
a1
νb1µ
(b1 6= µ, a1 < b1), where i = 1, . . . , 6, a1, b1 = 1, . . . , 5, ν, µ are the indices of nonzero
components of metric gνµ (23). Similarly to the previous cases, one can prove that the
necessary and sufficient condition of constant curvature of the h-space of the [51] type is
determined by relations
f ′6 = ǫ = 0.
Thus, we come to the following
Theorem. The 6-dimensional rigid h-spaces V 6 of the [2211], [321], [33], [411] and
[51] types have the constant curvature if and only if
8
for the h-space of the [2211] type
ρp − ρσp = ρp − ρpq = ǫ = ǫ˜ = 0 (p 6= q, p, q = 2, 4, σ = 5, 6), (25)
for the h-space of the [321] type
f ′6 = ǫ = ǫ˜ = 0, (26)
for the h-space of the [33] type
ǫ = ǫ˜ = 0, (27)
for the h-space of the [411] type
ρ4 − ρσ4 = ǫ = γ1 = γ2 = 0 (σ = 5, 6), (28)
for the h-space of the [51] type
f ′6 = ǫ = 0, (29)
where ρp, ρσp, ρpq, γ1 and γ2 are determined by formulas (7), (21).
I am grateful to A.V.Aminova for the constant encouragement and discussions.
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